A porous rectangular dam is above a horizontal impermeable base. There is a steady flow in which water seeps through the dam from one reservoir (on the left) to a lower reservoir (on the right). Because of gravity, the water does not flow through the entire dam and the dam is dry near its upper-right corner. The interface separating the dry and wet regions of the dam is a free boundary (in the hydrology literature called the phreatic surface). Dupuit, in 1863, derived the formal approximation that the phreatic surface was nearly a parabola. In recent years, mathematicians have obtained existence results. Here, relations are established between the formal approximations and the solutions obtained from the existence proofs.
There are several equivalent formulations of the problem. A systematic treatment of these, involving existence and regularity matters, is available in [BC] , in Rodrigues (1987) , henceforth abbreviated to [R] , and in [KKW] .
The amount of water Q flowing through the dam is, for our rectangular dam, Q = (h 2 u -hl)/2L.
(1.1) Equation (1.1) is derived by a 'momentum balance' argument (see [P-K] or Elliott & Ockendon, 1982: p. 106) . When the dam is long (L » 1) and Q is small, engineers have long 'believed' (at least since Dupuit) that, (at least) away from the dam walls, the free boundary F is nearly parabolic. (The approximation is based on the flow being slowly varying in x, on the pressure being nearly hydrostatic, and on the seepage face being very small. The Appendix of this paper contains the first treatment of the last of this list of approximations. In fact, in spite of all these approximations, Dupuit derived precisely the same formula (1.1) for Q given above!) Further, since Dagan (1967) , engineers have 'believed they knew' how to find improved approximations. Everything is formally consistent and there is no reason to expect that they are wrong. Indeed, proving that they are right is the subject of this paper.
Recall that the pressure is zero above the phreatic surface. Almost two decades ago, Baiocchi suggested considering, instead of the pressure p, a new independent variable U(x, y) = fp(x, 9) *9- (After establishing properties of the wetted region Q, and that its upper boundary F is of the form {(*, h(x))}, the upper limit can be replaced by h (x) . In the form which we need, Q is precisely denned at the beginning of Section 3.)
We now define the problem. This is [BC: Problem 8.4, p. 189] . Let D be the rectangle (-L , 0) 
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The variational inequality form of the dam problem is to find U e K such that Kawohl (1986: pp. 60-61, 80) , [KKW], or Friedman (1982) .
As a consequence of the first derivative result of Theorem 1.2, we have the following.
for y e (0,h(x)) and U(x,y) = 0 fory^h{x).
Furthermore h is a continuous monotonic decreasing curve with h(-L) = h u and h(0)>h d .
The first published proof that h(0)>h d when h d <h u , starting from the (VI), was given in Friedman & Jensen (1977) . See also Friedman (1982) . (The result was known from the exact solution which had been available for many years. However, in 1978, the connections between the exact solution and the solutions of (VI) had not yet been elucidated.) The first main theorems of the paper are Theorems 3.2 and 1.4 (both given in Shimborski (1975) ). Theorems 3.3-3.6 are consequences of these, and are the main new results in the paper.
This is an immediate consequence of Theorem 3.2. The proof of Theorem 3.2 depends on the comparison theorem proved in Section 2.2.
This rectangular dam problem, when the dam is homogeneous, should be regarded merely as an illustration of the methods, as formulae for the exact solution for this problem have been known for more than 50 years (see [P-K: p. 290] ). The formulae are so intricate that it is often easier to derive properties of the solutions without recourse to the explicit exact solution. The methods we have used to prove our main theorems (1.4 and 3.2) generalize to threedimensional problems, including, for example, the well problem where the aquifer is bounded below by a horizontal impervious bottom and the well is fully penetrating. The methods also extend to rectangular dams with nonconstant permeability k(y) where the permeability is vertically stratified and increases with depth. for the variational inequality formulation in this case.) They also extend to the finite-dimensional variational inequalities obtained by finite-element numerical approximations to these problems (see Craig & Wood (1981) , Elliott & Ockendon (1982) , and Oden & Kikuchi (1980) for finite-element methods; related finite-difference methods are treated in Elliott & Ockendon (1982) and Knight (1984) ). The variety of the extensions is a justification for the abstract setting given in Section 2.
The main theorems of this paper can be regarded as the first step in a proof that the engineers' hydrostatic approximation, i.e. the Dupuit parabola approximation, is valid. There remain many open questions and a detailed survey is given in [KKW] . Suppose that l t (j = 1, 2) are in H', and u f are the corresponding solutions of (VI(/,)). Then
Abstract variational inequalities

First Results in a General
Special Results When There is a Lattice Structure
In our applications, H is a Hilbert space which is also a vector lattice, a term which we now define.
Let V be a real vector space and let ^ be a partial order in V. We say (V, =£) is an ordered vector space if the following are satisfied (see [BC: p. 388 
]):
In an ordered vector space V, is a strict cone. Conversely, if C is a strict cone in V, defining u =£ v whenever v -u eC yields an ordered vector space.
If V is an ordered vector space in which any two vectors u and t; have a common least upper bound, denoted u v v, and a common greatest lower bound, denoted u A V, we say that V is a vector lattice (see [BC: p. 390]) .
From the definition of a vector lattice, it is easy to show that, for arbitrary u,v,w e V, In order to compare solutions of variational inequalities with different a, K, and /, one needs various comparison conditions. These are developed in [R: p. 105].
In the dam problem, a satisfies
This sort of condition is useful to establish results which have some similarity to those established by maximum principles for second-order elliptic partial differential equations. Proof. We have a (u,v-u) Next we use the hypothesis on K. Setting v = uvu = u + (u -u) + in (VI) gives
LEMMA 2.1 Suppose that the closed convex set K is such that, if w e K -K, then w+ e K -K. Let a be coercive on K -K and satisfy
From the two immediately preceding inequalities, one has
The right-hand side is greater than or equal to zero by hypotheses on / and /. By Lemma 2.1, (u -u)+ = 0, or in other words u s= u. D This comparison theorem will be used to obtain our proof that h > h 0 . Condition (Zo) is met in the application to the dam problem. For further related results, see Cryer & Dempster (1980) .
The rectangular dam problem
Shimborski's Results
From equations (1.2) and (1.3), we havê
We have U o e K. Also U o e W 2^ and
where Xo is the characteristic function of the support of U o , that is, Xo is one where U o >0 and zero where £/ 0 = 0. For future use, we also define
Equation (3.2) leads to the following result. There are alternatives to variational inequalities in establishing existence (see, for example, Chang, 1980 Chang, , 1983 . Similarly, there are alternative methods, using the maximum principle, to establish U^U 0 (see [KKW] ).
Estimates for the Size ofh-h 0
There are various other ways that the Dupuit approximation can be compared with the exact solution. For example, Theorem 3.3 states, amongst other things, that the pressure -U y (x, 0) along the bottom is less than the value -Uoy(x, 0) = h 0 predicted by the Dupuit approximation.
In proving Theorem 3.3, some readers may wish to use classical forms of the maximum principle. In order to be able to apply these, the following regularity results are useful. They are stated in a stronger form than is necessary.
See Friedman & Jensen (1977) . The last four sentences follow from results 4.5 and 4.6 of Friedman & Jensen (1977 When L is large and Q is small, we expect that h will be close to h 0 . An indication of this is the following estimate for the (Lebesgue) measure of, i.e. area of, (£2\Q 0 ). (The stability of the 'coincidence set' for the obstacle problem is treated more generally in [R], but we have found it easier, for this problem, to treat it from first principles.) The results of Theorems 3.2 and 3.3 are essential ingredients of the proof. 
= (h u -h d )\K + h a )/4L.
Proof. We remark that we need the regularity on U that has been proved, at least that U e W 2 P (l^p <°°). The proof has been arranged so that there are no regularity problems in applying the maximum principle. In applying the divergence principle, a small extension of Keady & Kloeden (1987) to boundaries which are piecewise C 1 is needed. First consider U on D\£2 0 . We have
where n is outward from D\£2 0 , and The inequality of Theorem 3.4 is rather weak when L is small, but very strong when L is large. Indeed using the asymptotic expansion for (h -h 0 ) suggested by Dagan (1967) gives, for L extremely large and Q small,
This has the same form of L dependence as the bound. The numerical constants differ.
The following is a small generalization of Theorem 3.4, where, instead of just the area of the set Q\Q 0 , various moments of this set are bounded. The case v = 1 is precisely Theorem 3.4. 
The Seepage Face
Using the fact that both h and h 0 are concave (see Friedman & Jensen, 1977, and Cryer, 1980) , it is possible to use Theorem 3.4 to find, when L is large, an upper bound on the size of h(x) -h o (x) and, in particular, on the size of the seepage face h, = h (0) and that
In hydrodynamic terms, Q, is the flux of liquid through the seepage face. In this section, we indicate how, starting from the (VI), such an estimate on Q % can be established. (Before commencing, we make two remarks. First, Carbone & Valli (1978) deal with a different limiting situation, namely L tending to infinity with h u and h d fixed. Secondly, the supersolution given in Shimborski (1975) would be useful near the upstream dam wall but is unlikely to give good estimates near the downstream dam wall.) THEOREM 
Define the function q Q to be the function harmonic in the semi-infinite strip £>", equal to U o on the boundary of £)«,, and vanishing as y tends to plus infinity. Define G to be the (nonnegative) Green's function for minus the Laplacian on D m . Define t,y)-j G(x,y;x,y)dtdy.
Then and Q = -U (E) =s -0 (E) (3 4)
Proof. We have AC/o = Xo in A.,
The function U o is seen to be a supersolution for the (VI). Since Xo^&U, an application of the comparison theorem of Section 2.2 gives £/ «s U o .
Since (U o -U) = 0 on the boundary of £), we have, for outward normal directions n,
In particular, It is expected that, when L is extremely large and Q is small (so that U o is very close to if), this estimate for Q, will be asymptotically correct. The evaluation of D^E) is rather difficult. We believe that the investigation of its asymptotics would probably involve calculations with some similarities to those given in the Appendix in connection with the asymptotics of Q % for the explicit exact solution.
There remain many related, as yet unsolved, questions. When L is very large and Q is small, we expect that h 0 will be the lowest-order term in an asymptotic expansion for h, and that Dagan (1967) gives the next term in the asymptotic expansion. Some such questions are made precise and further results are presented in [KKW] .
Appendix: Further estimates for the seepage face
A.I Introduction
The formal derivation given by Dupuit of his approximation h 0 to the free-surface requires
As stated in Section 1 of the main part of the paper, Dupuit's approximation was based on the flow being slowly varying in x, on the pressure being nearly hydrostatic, and on the seepage face being very small. It is this last aspect which is the subject of this appendix.
In this appendix, we use the explicit exact solution given in [P-K]. The uniqueness proofs needed to ensure that this is related to the (VI) formulation in the main part of the paper are not given here. For some discussion of such uniqueness matters, see [BC] and [KKW] .
In Section 3.3 of the main part of tHe paper, we found inequality (3.4) for Q,. We believe, though, that studying the explicit exact solution for the rectangular dam is the simplest way to get good estimates for Q s and h t both of which we find to be very small in e. We believe that finding the asymptotics for the expression UQJC^E) occurring in (3.4) would be a very similar exercise. We have not treated it first as, even after determining the asymptotics for U^E), there would remain the question of how well O^E) approximated the Q s of the exact solution.
Results from the (VI) formulation, for example those in the main part of this paper, are often inequalities. Where it does not unduly complicate the analysis in this appendix, we seek inequalities, valid over a wide range of e, which have the correct behaviour as e tends to zero. This may be of use in future efforts to derive similar inequalities starting from the (VI).
To simplify the exposition in the appendix, we shall restrict ourselves to the case when L is infinite (and consequently so too is /i u ). We then have, formally, L//j d = °°. Unfortunately, this restriction introduces further technical complica- This problem, with L/h d = «>, was considered in Dagan (1967) . Like Dagan, we will normalize, when it helps, so that h d = 1. Dagan improved on Dupuit's approximation by finding the next term in a formal asymptotic approximation for the free surface h. Dagan did not predict the height /i,(e) of the seepage face. Indeed, like Dupuit, Dagan assumed that h, and (?, are negligibly small. We will show, by consideration of the exact solution, that, as indicated in the relation (3.3), both h B and Q t are transcendentally small in e.
A consequence of the fact that h, is negligibly small is that the approximations of Dagan (1967) apply equally well to a much simpler problem which is solved exactly in Appendix D of [KKW] . Indeed, in [KKW] , composite approximations much better than Dagan's are derived with less effort than Dagan's lower-order approximations.
A.2 Properties of K(m)
The elliptic integral K(m), given by (Academic Press, 1965) . Unfortunately, the entry there must be corrected by substituting E for K. Whether there is any corresponding exact formula for the integral occurring on the right of equation (A.8) has not been investigated. Here, we merely give inequalities on the integral which are good when a is close to one. The last integral is easily evaluated and is given in Gradshteyn & Ryzhik (1965: p. 219, entry 3.121.2) . D COROLLARY A.3 Proof. We show that the asymptotics for both the inequalities in Lemma A.3 are as stated in Corollary A.3. For the quantity Q T , the result is immediate. The left-hand inequality follows on using equation ( Eliminating C between equations (A. 10) and (A. 12) gives
(1 -a) = O(exp( -n/e)).
Eliminating a between equations (A. 10) and (A. 12) gives C = O(eexp(-ji/2e)).
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